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FROBENIUS SPLITTING OF PROJETIVE TORIC BUNDLES
HE XIN
Abstract. We give several mild conditions on a toric bundle on a nonsingular toric variety under which
the projectivization of the toric bundle is Frobenius split.
1. Introduction
Let X be a complete toric variety defined over an algebraically closed field of characteristic p > 0. In [4,
Quesiton 7.6], the authors ask when the projectivization of a toric bundle on X is Frobenius split.
Recall that to any toric bundle E of rank r on a toric varietyX(Σ) one can associate uniquely a compatible
family of decreasing filtrations {Eα(i)}α∈|Σ| of a fixed vector space E of dimension r indexed by the finite
set |Σ| consisting of primitive vectors in Σ. For each toric bundle E and each α ∈ |Σ|, we introduce a finite
subset of integers Iα(E) ⊂ Z, which is defined by
i ∈ Iα(E)⇔ Eα(i+ 1)  Eα(i),
and two numbers
nαmax(E) = max{i ∈ I
α(E)}, nαmin(E) = min{i ∈ I
α(E)}.
The Klyachko length of a toric bundle E is defined to be
Kl(E) = max
α∈|Σ|
{nαmax(E)− n
α
min(E)}.
In this note we will show the following
Theorem 1. Let X be a smooth toric variety and E be a rank two toric bundle on X, then P(E) is Frobenius
split provided p > Kl(E) and nαmax(E) 6= n
α
min(E) for all α ∈ |Σ|.
For a toric bundle E on a complete toric variety X , there is an induced action of the torus T on the vector
space H0(X, E) and the χ isotopy component is denoted by H0(X, E)χ. Let µ be the zero character, we will
also prove the following
Theorem 2. Let X be a smooth complete toric variety and E be a toric bundle of rank r on X. Then P(E)
is Frobenius split if and only if there exists an FS-vector in H0(X,Sr(p−1)E ⊗ det E1−p ⊗ ω1−pX )µ, which is
regarded as a subspace of Sr(p−1)E.
We will work throughout over an algebraically closed field k of characteristic p > 0.
2. Preliminaries
The objective of this section is twofold. The first is to provide two criteria for Frobenius splitting of a
projective bundle over a smooth complete variety and the second is to review some facts on toric bundles.
2.1. Criteria for Frobenius Splitting of Projective Bundles.
Given an algebraic variety X over k, it is said to be Frobenius split or F-split if the morphism
(2.1) OX → FX∗OX
defined by sending a section to its p-th power is split as a homomorphism of OX -modules.
Suppose X is F -split, given a vector bundle E on X , next we will give two conditions on E under which
the projective bundle P(E) is F -split.
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Criterion A.
Let V(E) be the affine scheme Spec
⊕
n≥0 S
nE over X , then we have the following
Proposition 2.1. [1, Example 1.1.10(3)] Let E be a vector bundle on X such that there exists a section of
the projection V(E)→ X. Then if V(E) is Frobenius split, so is P(E).
Since P(E) is isomorphic to P(E ⊗ L) for any line bundle L as a k-variety, we can always assume there
exists a section of the projection V(E)→ X .
Next we assume X is smooth, then the affine bundle V(E) over X is F -split locally since any smooth affine
variety is F -split [1, Prop. 1.16]. To be more explicit, let X be a smooth affine variety, ϕ : FX∗OX → OX
be a Frobenius splitting, and E be a trivializable vector bundle on X with basis ei, 1 ≤ i ≤ n. Then one sees
easily the following morphism defines a Frobenius splitting of V(E).
(2.2) φ(ae⊗s11 ⊗ · · · ⊗ e
⊗sr
r ) =
{
ϕ(a)e
⊗
s1
p
1 ⊗ · · · ⊗ e
⊗ sr
p
r , if p | si for all 1 ≤ i ≤ r;
0, otherwise.
For r ≥ 2 one can check easily the Frobenius splitting of V(E) defined above depends on the choice of
the basis of E . In general, the constraints on the transition matrix between two different basis to ensure the
coincidence of the two associated Frobenius splittings are very complicated to write down. However, when
the rank of E is two we have the following
Lemma 1. Let {f1, f2} and {e1, e2} be two basis of E and (aij)2×2 be the transition matrix from {e1, e2}
to {f1, f2}. Then the Frobenius splitting given by (2.2) for V(E) associated to the two bases {f1, f2} and
{e1, e2} coincide iff the invertible matrix (aij) satisfies ϕ(a
s
11a
p−s
21 ) = ϕ(a
s
12a
p−s
22 ) = 0 for all 1 ≤ s ≤ p− 1.
Proof. Let φf and φe be the Frobeniuis splitting associated to the basis {e1, e2} and {f1, f2} as given in
(2.2) respectively. Then the coincidence of φf and φe is equivalent to
(2.3) φf (f
⊗r
1 ⊗ f
⊗s
2 ) = φe((a11e1 + a12e2)
⊗r ⊗ (a21e1 + a22e2)
⊗s)
for all pairs of nonnegative integers (r, s). Let s = p− r, by comparing the coefficients of e1 and e2 on the
two sides one obtains easily the necessity of the condition in the lemma.
Assuming the condition in the lemma, now we prove the equality (2.3). If p ∤ r+ s one can see easily both
sides the above equality are 0. Now we assume r+ s = pm, if r | p, then the equality (2.3) follows easily from
the definition (2.2). If r ∤ p, let r = pm1 + q1, s = pm2 + q2 such that 1 ≤ q1, q2 ≤ p− 1, then q1 + q2 = p.
The right side of (2.3) can be written as
(a11e1 + a12e2)
⊗m1 ⊗ (a21e1 + a22e2)
⊗m2 ⊗ φe((a11e1 + a12e2)
⊗q1 ⊗ (a21e1 + a22e2)
⊗q2).
Then by the condition in the lemma one can see easily φe((a11e1+a12e2)
⊗q1 ⊗ (a21e1+a22e2)
⊗q2 ) is 0 hence
the lemma is proved.

Based on the lemma above, now we can give our first criterion.
Proposition 2.2. Let E be vector bundle of rank two over a smooth algebraic variety X which is F-split,
then the P1-bundle P(E) is also F-split, if there exists a representation of E as an element of H1(X,GL2)
such that all the transition matrices given by this representation satisfy the conditions of lemma 1.
Criterion B.
Firstly note that a splitting of (2.1) yields a nonzero global section of the sheaf H om(FX∗OX ,OX). Now
we introduce the evaluation map
(2.4) ǫ : H om(FX∗OX ,OX)→ OX , ϕ 7→ ϕ(1),
then a splitting of (2.1) is equivalent to the existence of a global section ϕ of H om(FX∗OX ,OX) such that
ǫ(ϕ) = 1.
The reformulation of Frobenius splitting given above is the starting point of our second criterion. Suppose
we are given a proper morphism f : Y → X of algebraic varieties such that f# : OX → f∗OY is an
isomorphism, then we have an induced morphism
(2.5) f∗H om(FY ∗OY ,OY )→ H om(FX∗OX ,OX).
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The morphism above obviously commutes with the evaluation map (2.4). If the this morphism is surjective,
then it follows that the F -splitness of X implies that of Y , c.f. [1, 1.3.E(7)].
Next based on a result of duality theory, we will simplify the checking of the surjectivity of (2.5). Firstly,
by definition of the upper shriek functor [3, Chapter 2, exe. 6.10], we have the following isomorphism
(2.6) H om(FX∗OX ,OX) ∼= FX∗H om(OX , F
!OX).
From now on we assume X is a smooth complete variety and f is also a smooth morphism, which includes
in particular the case when Y is a projective bundle over X . Then by [2] we have an isomorphism
(2.7) F !OX ∼= H om(F
∗ωX , ωX) ∼= ω
1−p
X .
Therefore, by combining (2.6) and (2.7) we have the following isomorphism of sheaves of OX -modules
(2.8) H om(FX∗OX ,OX) ∼= FX∗ω
1−p
X ,
whence an induced isomorphism from the space of global sections of H om(FX∗OX ,OX) to H
0(X,ω1−pX ).
The above argument also applies to Y . Furthermore, the isomorphism (2.8) is canonical thus from (2.5)
we have an induced morphism
(2.9) f∗FY ∗ω
1−p
Y → FX∗ω
1−p
X .
In particular, we have an induced morphism on global sections
(2.10) π : H0(Y, ω1−pY )→ H
0(X,ω1−pX )
By our earlier argument, if π is surjective, the F -splitness of X implies that of Y [1, 1.3E(7)].
The morphism (2.8) can be derived in a more direct way, based on which (2.9) and (2.10) will become
more explicit. First note that we have obviously
(2.11) FX∗ω
1−p
X
∼= FX∗H om(F
∗
XωX , ωX)
∼= H om(ωX , FX∗ωX).
We will define an isomorphism from H om(ωX , FX∗ωX) to H om(FX∗OX ,OX) and our new description of
(2.8) will be defined to be the composite of (2.11) with this isomorphism. For that purpose, we need to use
the trace map
τ : FX∗ωX → ωX .
Recall that τ is the composite of the projection FX∗ωX → H
n(FX∗Ω
•
X/k) with the Cartier isomorphism
Hn(FX∗Ω
•
X/k)
≈
−→ ΩnX/k,
where n = dimX . The trace map can be written explicitly in terms of local coordinates as follows.
Lemma 2. [1, Proposition 1.3.6] Let X be a nonsingular variety of dimension n and x1, · · · , xn be a set of
coordinates at a point x of X, then the trace map τ is given by
τ(fdx1 ∧ · · · ∧ dxn) = Tr(f)dx1 ∧ · · · ∧ dxn,
where f =
∑
i fix
i ∈ OX,x ⊂ k[[x1, · · · , xn]] and Tr(f) :=
∑
i f
1
p
i x
j with the summation taken over all
multi-index i such that i = p− 1+ pj.
As we mentioned above, one can prove the isomorphism (2.8) is nothing but the composite of (2.11) and
a morphism ι given by the following
Lemma 3. [1, Proposition 1.3.7] The morphism
(2.12) ι : H om(ωX , FX∗ωX)→ H om(FX∗OX ,OX)
defined by ι(ψ)(f)ω = τ(fψ(ω)), where f is a section of OX , ω is a local generator of ωX, is an isomorphism.
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2.2. Toric Bundles.
In this part we will recall some facts on toric bundles, among which the Klaychko data of a toric bundle
will play a key role later in the proof of our theorems.
A toric variety is a normal algebraic variety on which there is an action of a torus such that over an open
subset of this variety the action is free. Any affine toric variety can be constructed as follows. Let N be a
free abelian group of rank n, σ ⊆ N ⊗Z R be a strongly convex rational polyhedral cone, σ
∨ be the set of
vectors in N∨ ⊗Z R which take nonnegative values on σ. Then Sσ = σ
∨ ∩ N∨ is commutative semigroup
and Uσ = Spec k[Sσ] is an affine toric variety. Given a general toric variety of dimension n, there exists a
fan Σ in N ⊗ZR from which one can obtain the toric variety by firstly constructing the affine toric varieties
Uσ for each cone σ ⊆ Σ as above and then glueing {Uσ}σ∈Σ.
A toric bundle on X is defined to be a vector bundle π : E → X endowed with an action of T which is
compatible with the action of T on X . In the sequel, by a toric bundle we mean the associated locally free
sheaf.
2.2.0. Toric bundles over Affine Toric varieties.
Given an affine toric variety Uσ, one can show [6, Proposition 2.1.1] a toric bundle E on Uσ is a direct sum
of toric line bundles whose underlying bundles are trivial. In other words, we have the following isomorphism
of toric bundles
(2.13) E ∼=
⊕
χi∈T̂ ,1≤i≤n
χiOUσ .
The underlying line bundle of χiOUσ is OUσ and the action of T is given t.eσ = χi(t)eσ, where eσ is the unit
of OUσ . The inverse images in E of the units in the direct summands on the right side constitute a basis
and we will denote it by {eσ}. This basis will be called an eigen-basis of E , and the characters {χi} will be
called eigen-characters of E .
The eigen-characters appearing in the decomposition (2.13) might not be uniquely determined, for instance
any two toric line bundles are isomorphic on a torus. Indeed, can also show loc.cit. the toric bundle structure
is uniquely determined by the induced representation of Tσ on Ex, where x is a point of the unique closed
orbit of Uσ and Tσ ⊆ T be the stabilizer subgroup of x. Moreover, the induced representation of Tσ on the
fiber Ex can be extended to a representation of T and we take one such representation ϕσ. Then the image
of {eσ} in Ex are exactly the eigenvectors of the representation ϕσ.
2.2.1. Klyachko Data of a Toric Bundle.
The Klyachko data of a toric bundle is a vector space endowed with a family of compatible filtrations as
described in the theorem below.
Theorem 3. [6, Theorem 2.2.1] To give a toric bundle of rank r on a toric variety X(Σ) is equivalent to
give a vector space E of dimension r on which there exists a family of compatible filtrations {Eα(i)}α∈|Σ| of
E indexed by the primitive vectors of Σ satisfying the following condition.
For each cone σ ∈ Σ, there exists a decomposition
(2.14) E ∼=
⊕
χ∈T̂σ
E[σ](χ),
where T̂σ is the group of characters of the stabilizer subgroup Tσ ⊆ T of any point in the unique closed orbit
of Uσ, such that
Eα(i) ∼=
⊕
〈χ,α〉≥i
E[σ](χ)
for any α ∈ |σ| and i ∈ Z.
Next we only recall briefly how to obtain the Klyachko data of a toric bundle. Firstly we assume X is
affine. Let x be a point in the unique closed orbit of X , then we have an induced representation of Tσ, where
Tσ ⊆ T is the stabilizer subgroup of x. Now we extend this representation to a representation of T on Ex
and let Eχ be the χ-isotropic subspace of this representation. Then for any α ∈ |Σ|
(2.15) Eα(i) =
⊕
〈χ,α〉≥i
Eχ.
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For a toric bundle E on a general toric variety X , one can choose a family of open affine sub toric varieties
{Uσ} covering X . Then define a representation ϕσ of T on Exσ as in section 2.2.0., where xσ is a point of
the closed orbit of Uσ. Then one can obtain a filtration as above for α ∈ |σ| = σ ∩ |Σ| hence for all α ∈ |Σ|.
One can prove the filtration {Eα(i)} obtained in this way is independent on the choice of σ.
2.2.2. A Toric Bundle as a 1-coycle.
Recall that any vector bundle of rank n on an algebraic variety can be represented by a 1-cocycle of the
sheaf of functions with values in GLn. Such representations can be particularly simple for a toric bundle,
which has been worked out by Kaneyama in [5].
Proposition 2.3. [5, Theorem 4.2] Let X = X(Σ) be a toric variety and E be a toric bundle on X. Then
for each open affine sub toric variety Uσ, σ ∈ Σ, there exists a basis {eσ} of E|Uσ such that for two cones
σ, τ ∈ Σ, the transition matrix of E over Uσ ∩ Uτ with respect to {eσ}, {eτ} can be written as
(2.16) Diag(χ1σ, · · · , χ
r
σ)PστDiag(χ
1
τ , · · · , χ
r
τ )
−1,
where
(1) χiσ (resp. χ
i
τ ), 1 ≤ i ≤ r, are the characters of T ;
(2) Pστ ∈ GL(r, k) and
(3) the set of matrices {Pστ}σ,τ∈Σ satisfy the usual cocycle conditions.
Proof. Since a toric bundle on an affine toric variety is a direct sum of toric line bundles (2.13), we have
(2.17) E|Uσ
∼=
⊕
1≤i≤r
χiσOUσ ,
where χiσ ∈ T̂ , 1 ≤ i ≤ r. As in section 2.2.0, we take {eσ} to be the eigen-basis provided by (2.17). Moreover,
we take xσ to be a closed point of the unique closed orbit of Uσ, then we have an induced representation of
Tσ on Exσ and take ϕσ to be an extension of this representation to T .
Let fστ be the transition matrix of E over Uσ ∩ Uτ from the basis {eτ} to {eσ}. Since Uσ ∩ Uτ is a toric
variety with an action of T , for any t ∈ T and x ∈ Uσ ∩ Uτ we have
(2.18) fστ (tx) = ϕσ(t)fστ (x)ϕτ (t)
−1.
If take x in (2.18) to be point in T ⊆ Uσ ∩ Uτ , then it is easy to see over the open subset T of Uσ ∩ Uτ , the
transition matrix fστ can be written in the form of (2.16). Thus over Uσ ∩ Uτ , fστ can be written in the
form (2.16).
Now we fix a point x0 in T , then one sees easily the transition matrices {fστ (x0)} satisfies the conditions
(2) and (3) hence the proposition is proved.

2.2.3. Global Sections of a Toric Bundle.
Suppose X is a complete toric variety, E be a toric bundle on X . Then there is an induced action of T
on H0(X, E). Let H0(X, E)χ be the χ-isotropy component of H
0(X, E), then we have the following
Proposition 2.4. Let X(Σ) be a smooth complete toric variety and E be a toric bundle on X, then
(2.19) H0(X, E)χ =
⋂
α∈|Σ|
Eα(〈χ, α〉).
Assuming the conditions in the above proposition, next we consider the image of a global section s ∈
H0(X, E)χ under the restriction map ρσ : Γ(X, E) → Γ(Uσ, E), where Uσ is an open affine sub toric variety
of X .
Since X is smooth and complete, it can be covered by sub toric varieties isomorphic to An with n = dimX .
Let Uσ be such a sub toric variety, then E|Uσ
∼=
⊕
1≤i≤r χiOUσ and {e
i
σ} be the associated eigen-basis of
E|Uσ as described in (2.13). Then an element of Γ(Uσ, E) can be written as
v =
∑
1≤i≤r
aie
i
σ, ai ∈ k[u1, · · · , un],
where ui ∈ T̂ satisfying 〈ui, σj〉 = δij for {σ1, · · · , σn} = |σ|.
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Now we investigate the action of T on v. Firstly, the action of t = (t1, · · · , tn) ∈ T ∼= G
n
m on a monomial
b = ui11 · · ·u
in
n is given by
(2.20) t.b = χb(t)b, χb(tj) = −ij.
Let ai =
∑
j cijbij , where cij ∈ k, bij ∈ k[u1, · · · , un] is a monomial, then the action of t ∈ T on v is given
by
(2.21) t.v =
∑
i
∑
j
cijχbij (t)bijχ
i
σ(t)e
i
σ
If v = ρσ(s) for some s ∈ H
0(X, E)χ, then t.e = χ(t)e and one sees easily ai is a monomial for 1 ≤ i ≤ r.
Then by (2.20)and (2.21), we have χai = χ− χ
i
σ and ai = ci
∏
i u
χiσ(σi)−χ(σi)
i for some ci ∈ k.
2.2.4. Examples.
Example 2.5. The cotangent and tangent bundle of a smooth toric variety.
Given a smooth toric variety X = X(Σ) of dimension n, the cotangent bundle Ω1X is a toric bundle on
X . The associated Klyachko data is given by
(2.22) Eα(i) =

Ω = T̂ ⊗ k, if i ≤ −1;
{ω ∈ Ω | 〈ω, α〉 = 0}, if i = 0;
0, if i > 0.
It suffices to prove (2.22) for affine smooth toric varieties. In this case, X is isomorphic to Ad×Gn−dm and
can be realized as the affine toric variety associated to the convex cone generated by the vectors e1, · · · , ed
in T̂ 0 ⊗Z R if d ≥ 1 and by origin if d = 0.
Suppose the immersion T →֒ X is given by
k[s1, · · · , sd, sd+1, s
−1
d+1, · · · , sn, s
−1
n ] →֒ k[s1, s
−1
1 , · · · , sn, s
−1
n ].
Let t = (t1, · · · , tn)be an element of T ∼= G
n
m, then the action of t on OX is given by
(2.23) t.si = t
−1
i si, 1 ≤ i ≤ n
Then the action of t on dsi is given by
(2.24) t.dsi = t
−1
i dsi, 1 ≤ i ≤ n
hence the Klyachko data of Ω1X given by (2.22) follows from (2.15).
The tangent bundle TX is also a toric bundle on X and over any open affine sub toric variety of X the
associated representation of TX is the duality of the representation associated to Ω
1
X . Thus the Klyachko
data of TX is given by
(2.25) Eα(i) =

T = T̂ 0 ⊗ k, if i ≤ 0;
kα, if i = 1;
0, if i > 1.
Example 2.6. The symmetric product of a toric bundle.
Let E be a toric bundle on a toric variety X whose Klyachko data is given by {Eα(i)}α∈|Σ|, i ∈ Z as in
theorem 3. As in (2.13), we have the following decomposition
E|Uσ
∼=
⊕
χiσ∈Ξσ
χiσOUσ ,
where Ξσ ⊆ T̂ is the set of eigen-characters (counted with multiplicity). Then a decomposition of S
mE|Uσ is
given by
(2.26) SmE|Uσ
∼=
⊕
χ
i1
σ ,··· ,χ
im
σ ∈Ξσ
(χi1σ + · · ·+ χ
im
σ )OU
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We denote by E be the fiber of E over a point xσ in the unique closed orbit in Uσ, then the image be of the
eigen-basis {eiσ} are the eigenvector of the action of T on E. We still use {e
i
σ} to denote their images in E,
then the Klyachko data of the toric bundle SmE is given by
(2.27) (SmE)α(i) ∼=
⊕
χi1σ ,··· ,χ
im
σ ∈Ξσ, i1≤···≤im;
〈χi1σ ,α〉+···+〈χ
im
σ ,α〉≥i
kei1σ · · · e
im
σ , α ∈ |σ|.
Example 2.7. The determinant of a toric bundle.
Let E be a toric bundle on a toric variety X whose Klyachko data is given by {Eα(i)}α∈|Σ|, i ∈ Z as in
theorem 3. Then the Klyachko data associated to the line bundle det E is given by the function
(2.28) ρ 7→
∑
i∈Iα(E)
(dimEα(i)/dimEα(i+ 1)i).
3. Proof of the Theorems
Based on the criteria given in the preceding section, next we will prove our theorems.
Proof of Theorem 1. By proposition 2.3, E can be represented by an element of H1(X,GL2) whose transition
matrices are of the form (2.16). In order to prove V(E) is compatibly F -split with X , it suffices to prove for
each Mστ , σ, τ ∈ ∆ its entries satisfy the condition of Lemma 1.
Let Mστ =
(
a11 a12
a21 a22
)
, then by (2.16) we have aij = χ
i
σpij(χ
j
τ )
−1, where pij ∈ k is the ij-th entry of
Pστ . Then a
s
11a
p−s
21 = p
s
11p
p−s
21 (χ
1
σ)
s(χ2σ)
p−s(χ1τ )
−p. Note that though the element (χ1σ)
s(χ2σ)
p−s may not be
defined over Uσ ∩ Uτ , we have
(3.1) ϕ(as11a
p−s
21 ) = ϕ(p
s
11p
p−s
21 (χ
1
σ)
s(χ2σ)
p−s(χ1τ )
−p) = ps11p
p−s
21 (χ
1
τ )
−1ϕ((χ1σ)
s(χ2σ)
p−s)
over the open subset of Uσ∩Uτ where χ
1
σ is invertible. Therefore, we only need to show ϕ((χ
1
σ)
s(χ2σ)
p−s) = 0
for all 1 ≤ s ≤ p− 1.
Since the toric variety X is smooth, the affine toric variety Uσ ∩Uτ is isomorphic to A
d ×Gn−dm for some
integer 0 ≤ d ≤ n. To be more precise, let αi, 1 ≤ i ≤ d be the primitive generators of σ which constitutes
part of a Z-basis {α1, α2, · · · , αn} of T̂
0. We assume further 〈ρi, xj〉 = δij . Then we only need to show the
monomial (χ1σ)
s(χ2σ)
p−s is not a p-th power in K(X) ∼= k(x1, · · · , xn).
Let χ1σ = x
i1
1 · · ·x
in
n , χ
2
σ = x
j1
1 · · ·x
jn
n , then by condition −p < ik − jk < p and ik 6= jk for all 1 ≤ k ≤ n.
Therefore
χ1σ
χ2σ
is not a p-th power over Uσ, which implies (χ
1
σ)
p−s(χ2σ)
s is not a p-th power.

Corollary 3.1. The tangent bundle and cotangent bundle of a smooth toric surface F-split compatibly with
the toric surface.
Proof. By [6, Example 2.3.5], the tangent bundles and cotangent bundles of a smooth toric surface always
satisfy the condition of the theorem.

Before proving theorem 2, we will investigate the Frobenius splitting of a toric variety in a little more
detail. Since all toric varieties are F -split, by our discussion in the previous section there exists a global
section of ω1−pX for any smooth complete toric varietyX such that its image under ι (2.12) defines a Frobenius
splitting of X . On the other hand, we have the following decomposition
(3.2) H0(X,ω1−pX )
∼=
⊕
χ∈T̂
H0(X,ω1−pX )χ,
where H0(X,ω1−pX )χ is the χ-isotropy subspace of H
0(X,ω1−pX ).
Lemma 4. Let X = X(Σ) be a smooth complete toric variety, then the character µ ∈ T̂ defined by 〈µ, σ〉 = 0
for all σ ∈ Σ is the unique character χ ∈ T̂ such that there exists a nonzero element of H0(X,ω1−pX )χ whose
image under ι defines a Frobenius splitting of X.
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Proof. We first prove the existence of a character χ ∈ T̂ such that a nonzero vector in H0(X,ω1−pX ) defines
a Frobenius splitting of X . By the main result of [7], FX∗OX splits into direct sum of line bundles as follows
FX∗OX ∼= OX ⊕
⊕
1≤i≤pn−1
Li,
where n = dimX . It is easy to see H0(X,Li) = 0 for all 1 ≤ i ≤ p
n − 1. Let ϕ0 : FX∗OX → OX be the
morphism whose restriction of OX is identity and to Li is 0 for all 1 ≤ i ≤ p
n − 1. Furthermore, let H be
the subspace of Hom(FX∗OX ,OX) consisting of morphisms whose restrictions to OX is zero. Then one can
find vectors ϕi ∈ H, 1 ≤ i ≤ m, such that {ϕi}0≤i≤m form a basis of Hom(FX∗OX ,OX).
On the other hand, we have the following decomposition
(3.3) Hom(FX∗OX ,OX) ∼= H
0(X,ω1−pX )
∼=
⊕
χ∈T̂
H0(X,ω1−pX )χ.
Thus there exists a character χ ∈ T̂ such that H0(X,ω1−pX )χ 6= 0 and a nonzero vector v ∈ H
0(X,ω1−pX )χ 6= 0
such that v =
∑
i aiϕi, a0 6= 0. Then we can find a vector v such that the coefficient a0 is exactly 1, then v
defines a Frobenius splitting of X .
Next we prove zero character is the only one with the property described in the lemma. Let σ ∈ Σ be a
cone with maximal dimension, then the primitive vectors {σi | 1 ≤ i ≤ n} = |σ| form a basis of T̂
0⊗ZR. Let
χ ∈ T̂ be a character defined by 〈χ, σi〉 = li and assume v ∈ H
0(X,ω1−pX )χ defines a Frobenius splitting of X .
By our discussion in section 2.2.3, the image of v under the restriction map ρσ : H
0(X,ω1−pX )→ Γ(Uσ, ω
1−p
X )
is of the form
cup−1−l11 · · ·u
p−1−ln
n eσ,
where c ∈ k and p− 1− l1, · · · , p− 1− ln are necessarily nonnegative.
On the other hand, the section eσ ∈ Γ(Uσ, ω
1−p
X )
∼= H om(ω
p
X , ωX)|Uσ is defined by sending the section
ω⊗pσ to ωσ, where ωσ = du1 ∧ · · · ∧ dun. Thus by Lemma 3, ι(ρσ(v))(1) is nonzero iff l1 = · · · = ln = 0 hence
the lemma is proved.

The above lemma applies to projective spaces, and we are lead to the following definition of an FS -vector.
Definition 3.2. Let E be a vector space of dimension r over k, then a vector v in Sr(p−1)E is called an
FS-vector if under a basis {ei}1≤i≤r of E, v = ce
p−1
1 · · · e
p−1
r for some c ∈ k
∗.
Proof of Theorem 2. We first prove the sufficiency of the condition in the theorem. By criteria B in the
previous section, to prove Y = P(E) is F -split, it suffices to show the map π (2.10) is surjective. Since
H0(X,ω1−pX ) has the decomposition (3.2) and a vector of H
0(X,ω1−pX )µ defines a Froenius splitting of X , it
suffices to prove H0(X,ω1−pX )µ is contained in the image of π.
On the other hand, note we have
f∗ω
1−p
Y
∼= Sr(p−1)E ⊗ det E1−p ⊗ ω
1−p
X ,
whence an induced morphism
(3.4) H0(X,Sr(p−1)E ⊗ det E1−p ⊗ ω1−pX )→ H
0(X,ω1−pX ),
which is still denoted by π. Then by lemma 4 it suffices to prove the image of an FS -vector inH0(X,Sn(p−1)E⊗
det E1−p ⊗ ω1−pX )µ under π falls in H
0(X,ω1−pX )µ and is nonzero.
First we prove the map (3.4) is equivariant. Let s be an element of the left side, then we need to show
t.π(s) = π(t.s) for t ∈ T . We can further reduce to prove this claim in the case when s is an eigenvector, i.e.
t.s = χ(t)s for some χ ∈ T̂ and t ∈ T .
Let Uσ be an open affine sub toric variety ofX , then we can assume Uσ isomorphic to A
n sinceX is smooth.
Let {eiσ}1≤i≤r be an eigenbasis of E|Uσ , {χ
i
σ}1≤i≤r be the corresponding eigen-characters. By trivializing the
line bundle det E1−p⊗ω1−pX , we can use {(e
1
σ)
i1 · · · (erσ)
ir} to denote the basis of Sr(p−1)E ⊗det E1−p⊗ω1−pX ,
where i1, · · · , ir are nonnegative integers and i1 + · · ·+ ir = r(p− 1). For simplicity, (e
1
σ)
i1 · · · (erσ)
ir will be
denoted by eIσ with I = (i1, · · · , ir) in the sequel. By (2.26) and (2.28), the eigen-characters corresponding
to eIσ is given by
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χIσ =
∑
1≤j≤n
ijχ
j
σ −
∑
1≤j≤n
(p− 1)χjσ + χp−1,
where χp−1 ∈ T̂ is the character defined by 〈χp−1, σi〉 = p− 1 for all 1 ≤ i ≤ n.
By our discussion in section 2.2.3, the image of s under the restriction map ρσ : H
0(Sr(p−1)E ⊗det E1−p⊗
ω1−pX ) → Γ(Uσ, S
r(p−1)E ⊗ det E1−p ⊗ ω1−pX ) can be written as linear combination of terms of the following
form
aIeI ⊗ ω
1−p
σ ,
where aI = u
χIσ(σ1)−χ(σ1)
1 · · ·u
χIσ(σn)−χ(σn)
n . Then the image of ρσ(s) under π is
(3.5)
{
u
p−1−χ(σ1)
1 · · ·u
p−1−χ(σn)
n ω1−pσ , if ij = p− 1 for all 1 ≤ j ≤ n;
0, otherwise.
Then one can see easily t(π(ρσ(s))) = χ(t)π(ρσ(s)), so the morphism π is T -equivariant.
Given a global section s ∈ H0(Sr(p−1)E ⊗ det E1−p ⊗ ω1−pX )µ that can be represented by an FS -vector,
one sees easily by Lemma 2 and 3, the image π(s) defines a Frobenius splitting of X hence the sufficiency of
the condition is proved.
Now we prove the necessity of the condition. Suppose there exists a global section s ∈ H0(Sr(p−1)E ⊗
det E1−p⊗ω1−pX ) such that ι(π(s)) defines a Frobenius splitting of X , then by the fact that π is T -equivariant
and lemma 4, the image of H0(Sr(p−1)E ⊗det E1−p⊗ω1−pX )µ under π is nonzero. Indeed, since the dimension
H0(X,ω1−pX )µ is 1, one can choose a global section s ∈ H
0(Sr(p−1)E ⊗ det E1−p ⊗ ω1−pX )µ such that ι(π(s))
defines a Frobenius splitting of X . On the other hand, by our proof of the T -equivariance of π, the image
π(s) is nonzero only if s can be represented by an FS-vector, hence the necessity and the theorem is proved.

Corollary 3.3. Let X = X(Σ) be a smooth complete toric variety, then PTX is Frobenius split.
Proof. Let {σi}1≤i≤n be the ray generators of a cone σ ∈ Σ with maximal dimension, then by proposition
2.4 and (2.27), σp−11 · · ·σ
p−1
n is an FS -vector of H
0(Sn(p−1)TX)µ. Thus by theorem 2, PTX is F -split .

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